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INTRODUCTION

The accelerated expansion of the present universe is 

now  a  well-established  cosmological  fact,  heavily 

supported  by  Type  Ia  Supernovae  observations 
[1,2,3,4].While Einstein's General Theory of Relativity 

(GR) relies on the assumption of an unknown myste-

rious dark energy to drive this acceleration, the exact 

physical characteristics of this component are still not 

fully understood. Consequently, modified theories of 

gravity have gained significant attention as an effec-

tive theoretical alternative to describe this late-time 

acceleration  [5].  Among  these  alternatives,  the 

f (R ,T ) theory of gravity introduced by Harko et al. 
[6] modifies the Einstein-Hilbert  action and couples 

matter directly with geometry. We use the spatially 

homogeneous and anisotropic Bianchi Type-III model 

to  study  how  these  early  directional  expansions 

evolve over time. 

The  f (R ,T ) gravity  framework generalizes  earlier 

models like f (R ) gravity [7,8,9]. Harko et al. [6] proposed 

a gravitational Lagrangian that is a function of both 

the Ricci scalar  R and the trace of the energy-mo-

mentum tensor T . This specific coupling means that 

the  covariant  divergence  of  the  energy-momentum 

tensor  is  generally  non-zero,  making  the  resulting 

field equations highly dependent on the matter source. 

A commonly used functional form of this theory is 

f (R ,T )=R+2 f (T ). By choosing a linear formula-

tion f (T )=λT , researchers can derive field equations 

capable  of  simulating  dark  energy-like  expansion 

without adding a cosmological constant. 

Various researchers have explored different cosmo-

logical models using f (R ,T ) gravity. Reddy et al. [10] 

studied Bianchi Type-III universe containing perfect 

fluids while Adhav  [11] investigated locally rotation-

ally symmetric Bianchi Type-I models. Naidu et al. 
[12] and Chandel and Ram [13] expanded this to other 

Bianchi type models. Several other authors [14,15,16,17,18] 

have tested these models  against  observational  pa-

rameters and different cosmic fluids. These studies 

collectively show that  f (R ,T ) gravity is a flexible 

and effective tool for modeling cosmological dynam-

ics. 

Motivated by these ongoing theoretical advancements 

and previous studies on special forms of deceleration 

parameters [19], we identify a specific gap in the cur-

rent literature. Chaubey and Shukla [14] explored gen-

eralized  Bianchi  models  using  a  linearly  varying 

deceleration parameter. Munde  [20] utilized a special 

form of deceleration parameter  in  f (R ,T ) gravity. 

The specific application of the Akarsu-Dereli constant 

deceleration  parameter  q=M−1 [21] to  a  spatially 

homogeneous Bianchi Type-III universe in  f (R ,T ) 
gravity remains unexplored. Therefore, the primary 
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objective of this paper is to reconstruct the cosmo-

logical model filled with a perfect fluid. Following the 

base mathematical framework laid out by Munde [20], 

we modify the kinematical approach to integrate this 

constant deceleration parameter. Through this modi-

fication, we aim to investigate how this specific as-

sumption alters the exact solutions of the non-linear 

field equations and the physical behaviour of the uni-

verse. 

The structural outline of this paper is organized as 

follows: Section 2 presents metric and field equations, 

Section 3 deduces the solutions, Section 4 contains the 

physical properties, Section 5 discusses the physical 

and kinematical behaviour of the field equations and 

Section 6 summarizes the conclusion.

2. METRIC AND FIELD EQUATIONS

f (R ,T ) theory  modifies  the  standard  gravitational 

action by introducing an arbitrary function dependent 

on the Ricci scalar R and the trace of the energy-mo-

mentum tensor T . Harko et al. explicitly classified this 

theory into three specific functional forms to study 

different cosmological consequences

f (R ,T )=R+2 f (T ) # (1 )

f (R ,T )=f
1

(R )+ f
2

(T ) # (2 )

f (R ,T )=f
1

(R )+ f
2

(R ) f
3

(T ) # (3 )

For the purpose of our present investigation, we select 

the first functional form, which provides a direct and 

viable coupling between matter and geometry

f (R ,T )=R+2 f (T ) # ( 4 )
By varying the Einstein-Hilbert action with respect to 

the  metric  tensor,  the  corresponding  gravitational 

field equations in f (R ,T ) gravity are obtained as

Rμν−
1

2
R gμν=8 π T μν+2 f ' (T )T μν+ [2 p f ' (T )+ f (T ) g  

To obtain exact deterministic solutions, we assume a 

linear functional form for the trace of the stress-en-

ergy tensor

f (T )=λT # (6 )
where λ acts as a constant proportionality parameter.

To describe the early  anisotropic  expansion of  the 

universe,  we  consider  a  spatially  homogeneous 

Bianchi Type-III metric, defined by the line element

d s
2=d t

2−A
2
d x

2−e
−2mx

B
2
d y

2−C2
d z

2
# (7 )

where  A,  B and  C  represent the directional cosmic 

scale factors which are functions of cosmic time t  and 

m is a positive constant. The matter source driving the 

cosmic expansion is assumed to be a perfect fluid, for 

which  the  energy-momentum  tensor  is  defined  as 

T μν=( ρ+ p )uμuν−p gμν ,  where  ρ is  the  energy 

density and p represents the thermodynamic pressure 

of the cosmic fluid.

By utilizing the selected metric (7) and the linear trace 

condition (6), the generalized field equations (5) re-

duce  to  a  system  of  highly  non-linear  differential 

equations for the Bianchi Type-III spacetime

B̈

B
+
C̈

C
+
Ḃ Ċ

BC
=(8 π +3 λ ) p−λρ # (8 )

Ä

A
+
C̈

C
+
Ȧ Ċ

AC
=(8 π +3 λ ) p−λρ # (9 )

Ä

A
+
B̈

B
+
Ȧ Ḃ

AB
−
m

2

A
2
=(8 π +3 λ ) p−λρ # (10 )

Ȧ Ḃ

AB
+
Ḃ Ċ

BC
+
Ȧ Ċ

AC
−
m

2

A
2
=λp−(8 π +3 λ ) ρ # (11 )

Ȧ

A
−
Ḃ

B
=0 # (12 )

Here, the overhead dot symbolizes the derivative with 

respect to cosmic time t . To thoroughly analyze the 

dynamic  and structural  properties  of  this  proposed 

model, it is essential to define several fundamental 

kinematical parameters. The spatial volume V  and the 

average scale factor a of the universe are given by

V=ABC ,a=( ABC )
1

3
# (13 )

The directional Hubble parameters which measure the 

rate of expansion along the x, y and z axes respectively 

are defined as

H x=
Ȧ

A
, H y=

Ḃ

B
, H z=

Ċ

C
# (14 )

The overall mean Hubble parameter H  representing 

the average expansion rate, is formulated as

H=
1

3 ( ȦA +
Ḃ

B
+
Ċ

C )# (15 )

The expansion scalar θ is directly related to the mean 

Hubble parameter by

θ=3H # (16 )
The  deceleration  parameter  q,  which  indicates 

whether  the  cosmic  expansion  is  speeding  up  or 

slowing down, is expressed as

q=-
a ä

ȧ
2

# (17 )
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Finally, the shear scalar σ
2 and the mean anisotropic 

parameter Δ are defined respectively as

σ
2=

1

2 [∑
i=1

3

H i

2−
1

3
θ

2]# (18 )

Δ=
1

3
∑
i=1

3

(H i−H

H )
2

# (19 )

3. SOLUTION OF THE FIELD EQUATIONS

Integrating the field equation (12), we readily obtain 

a direct proportionality between the scale factors as

B=c
1
A # (20 )

where c1 is a positive constant of integration. Substi-

tuting this condition into equations (8)-(11) reduces 

the  field  equations  into  a  more  compact  system. 

However, this system remains highly non-linear with 

four unknowns A ,  C ,  ρ and p. To achieve an exact 

deterministic solution, we adopt the linearly varying 

deceleration  parameter  proposed  by  Akarsu  and 

Dereli [21] which is given in its general form as

q  =  - kt  +  M−1

where k  ≥0 and M  ≥0 are constants. Depending on 

the values of these constants, this generalized decel-

eration parameter leads to three distinct cases

q=-1

k =0 ,  M =0

1.  for 

q=M−1

k =0 ,  M >0

2.  for 

q=- kt+M−1

k >0 ,  M≥0

3.  for 

For the purpose of our present investigation, we uti-

lize the second case (k  =  0 ,  M  >  0) to obtain the 

solution, which yields a constant deceleration param-

eter

q=M−1 # (21 )
where M  is a positive constant.

Equating  (17)  and (21)  and  performing successive 

integrations, we deduce the explicit expression for the 

mean scale factor of the universe as

a=(αt+β )
1

M
# (22 )

where α and β are arbitrary constants of integration. 

Consequently, using equation (13), the spatial volume 

of the universe becomes

V=a
3=(αt+β )

3

M
# (23 )

using equations (13), (20) and (23), we obtain

V=c
1
A

2
C=(αt+β )

3

M
# (24 )

To  solve  the  system,  we  apply  a  well-established 

physical condition in cosmology, assuming that the 

expansion scalar  (θ)  is  directly  proportional  to  the 

shear  scalar  (σ).  This  condition  results  into  linear 

relationship between metric coefficients as

A=Cn
# (25 )

where n is an arbitrary constant (with n ≠ 1 to preserve 

anisotropy). By solving equations (20), (24) and (25) 

simultaneously, we determine the exact expressions 

for the directional scale factors as follows

A=(c1 )
−n

2n+1 (αt+β )
3n

M (2n+1 )
# (26 )

B=(c1 )
n+1

2n+1 (αt+β )
3n

M (2n+1 )
# (27 )

C=(c1 )
−1

2n+1 (αt+β )
3

M (2n+1 )
# (28 )

using (26)-(28), the line element (7) becomes

d s
2=d t

2−[ (c1 )
−2n

2n+1 (αt+β )
6n

M (2n+1 ) ]d x2−[ (c1 )
2 (n+1 )
2n+1 e

−2mx (αt+β )
6n

M (2n+1 ) ]d y2

−[ (c1 )
−2

2n+1 (αt+β )
6

M (2n+1 ) ]d z2
# (29 )

4. PHYSICAL PROPERTIES OF THE MODEL

To  comprehensively  understand  the  cosmological 

implications and dynamical evolution of the derived 

Bianchi Type-III model, it is imperative to investigate 

its fundamental physical and kinematical parameters.

Using the explicit solutions for the directional scale 

factors  derived  in  equations  (26)-(28),  the  spatial 

volume V  and the average scale factor of the universe 

are explicitly expressed as
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V=(α t+β )
3

M
# (30 )

a=(α t+β )
1

M
# (31 )

The directional  Hubble parameters,  which quantify 

the expansion rates along the spatial coordinates are 

obtained by differentiating the scale factors (26)-(28) 

with respect to cosmic time t

H x=H y=
3nα

M (2n+1 ) (α t+β )
, H z=

3α

M (2n+1 ) (α t+β )
# (32 )

Consequently, the mean Hubble parameter H  repre-

senting the overall expansion rate of the universe is 

calculated as

H=
α

M (α t+β )
# (33 )

The scalar expansion  θ which determines the volu-

metric growth rate of the fluid, is obtained as

θ=
3α

M (α t+β )
# (34 )

The shear scalar σ
2 measuring the anisotropic distor-

tion of the cosmic fluid flow is deduced as

σ
2=

3α
2 (n−1 )2

M
2 (2n+1 )2 (α t+β )2

# (35 )

The mean anisotropic parameter  Δ which indicates 

the degree of deviation from an isotropic expansion, 

is found to be

Δ=2( n−1

2n+1 )
2

# (36 )

Furthermore, utilizing the derived scale factors and 

substituting  them  into  the  highly  non-linear  field 

equations (10) and (11),  we obtain exact  algebraic 

expressions for the dynamical variables. The energy 

density of the cosmic fluid is determined as

ρ=
m

2 ( 4 π+ λ ) c
1

−2n

2n+1

4 (8 π2
+6 πλ+ λ2 ) (αt+β )

6n

M (2n+1 )

−
3nα

2 [Mλ (2n+1 ) +12π (n+2 ) + 9 λ ]
4 (8 π2

+6 πλ+ λ2 )M 2 (2n+1 )2 (αt+β )2
# (37 )

Also, the thermodynamic pressure driving the expan-

sion is calculated as

p=-
m

2 ( 4 π+ λ ) c
1

−2n

2n+1

4 (8 π2
+6 πλ+ λ2 ) (αt+β )

6n

M (2n+1 )

+
3nα

2 [−2M (8 π +3 λ ) (2n+1 ) +6 (12πn+ 4 λn−λ ) ]
8 (8 π2

+6 πλ+ λ2 )M 2 (2n+1 )2 (αt+β )2
# (38 )

5.  DISCUSSION  OF  PHYSICAL  AND 

KINEMATICAL BEHAVIOURS

The solutions derived in the previous section help us 

to  understand  how  the  Bianchi  Type-III  universe 

evolves over time. By observing the initial and late-

time values of the parameters, we can describe the 

physical behaviour of the model.
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Figure 1: Graph of H ,  θ, and σ
2
 vs Cosmic Time 

(t)

From equation (30), the spatial volume of the universe 

vanishes  at  the  initial  time  t  =  - β /α .  As  cosmic 

time t  increases, the spatial volume expands continu-

ously  and becomes infinitely  large  as  t→∞.  This 

shows that our universe starts from an initial singu-

larity and expands indefinitely. 

From Fig.1, the mean Hubble parameter (H ), expan-

sion scalar (θ) and shear scalar (σ
2) are infinite at the 

initial epoch. However, as  t→∞,  these parameters 

decreases  monotonically  and  approach  zero.  This 

behaviour of the Hubble and expansion parameters is 

highly consistent with standard cosmological models 

as discussed by Pradhan et al.  [22] for similar aniso-

tropic spacetime.

The mean anisotropic parameter (Δ) is independent of 

time and remains constant. Since Δ≠0 for  n ≠1 the 

model does not approach complete isotropy at  late 

times.  This  constant  anisotropic  behaviour  in 

f (R ,T ) gravity matches the results observed by Sa-

hoo et al. [23] in their respective models. 

     

Figure 2: Graph of Energy Density (ρ) vs Cosmic Time (t) Fig.3: Graph of Pressure (p) vs Cosmic Time 

(t)

 The constant deceleration parameter q=M−1 is a 

key  feature  of  this  model.  For  0  <  M  <  1,  the 

value of q is strictly negative. A negative deceleration 

parameter indicates that the universe is undergoing an 

accelerated expansion, which is  in excellent agree-

ment with recent Type Ia Supernovae observations 
[1,2]. 

From Fig. 2 the energy density (ρ) is positive and 

infinitely large at the initial epoch and it monotoni-

cally decreases to zero as  t  →∞. From Fig. 3 the 

thermodynamic pressure (p) is negative throughout 

the evolution. It is an increasing function of cosmic 

time (t) and approaches zero at late times. In modern 

cosmology, negative pressure is a strong indicator of 

dark energy, which drives the late-time acceleration 

of the universe. 

CONCLUSION

In  this  paper,  we  have  investigated  the  dynamical 

evolution of a spatially homogeneous and anisotropic 

Bianchi  Type-III  cosmological  model  in  modified 

f (R ,T ) gravity.  By  adopting  the  functional  form 

f (R ,T )=R+2 λT  and applying the Akarsu-Dereli 

constant deceleration parameter  q=M−1,  we suc-

cessfully derived exact deterministic solution for the 

non-linear field equations.

The physical and kinematical properties of the model, 

strongly supported by our graphical analysis, reveal 

that a universe begins with an initial singularity and 

expands indefinitely. The plots of the Hubble param-

eter (H ), expansion scalar (θ), and shear scalar (σ
2) 

clearly demonstrate that  the initial  rapid expansion 

and  high  anisotropic  distortion  gradually  dampen, 

eventually  approaching  zero  at  late  cosmic  times. 

However, a highly distinctive feature of this model is 

that  the  mean  anisotropic  parameter  (Δ)  remains 

strictly constant.

Furthermore, the model naturally accommodates the 

late-time accelerated expansion of  the present  uni-

verse. The constant deceleration parameter remains 

strictly negative (for 0  <  M  <  1), which is in ex-
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cellent agreement with modern cosmological obser-

vations. The graphical behaviour of the perfect fluid 

shows that the energy density (ρ) decreases from an 

initially  infinite  stage to  zero.  The thermodynamic 

pressure (p) remains negative throughout the evolu-

tion. This negative pressure provides the necessary 

repulsive effect to drive the cosmic acceleration.

Ultimately,  using  the  deceleration  parameter 

q=M−1 within  the  f (R ,T ) gravity  framework 

yields a mathematically and physically viable model. 

It  successfully  describes  an  expanding,  anisotropic 

and accelerating universe without requiring the inser-

tion  of  an  explicit  cosmological  constant,  thereby 

offering a strong theoretical  alternative to standard 

General Relativity.
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