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INTRODUCTION 

The concept of fuzzy sets was proposed by Zadeh [1]. 

The theory of fuzzy sets has several applications in 

real-life situations, and many scholars have 

researched fuzzy set theory. After the introduction of 

the concept of fuzzy sets, several research studies 

were conducted on the generalizations of fuzzy sets. 

/e integration between fuzzy sets and some 

uncertainty approaches such as soft sets and rough 

sets has been discussed in [2–4]. The idea of 

intuitionistic fuzzy sets suggested by Atanassov [5] is 

one of the extensions of fuzzy sets with better 

applicability. Applications of intuitionistic fuzzy sets 

appear in various fields, including medical diagnosis, 

optimization problems, and multi criteria decision 

making [6–8]. Yager [9] offered a new fuzzy set 

called a Pythagorean fuzzy set, which is the 

generalization of intuitionistic fuzzy sets. Fermatean 

fuzzy sets were introduced by Senapati and Yager 

[10], and they also defined basic operations over the 

Fermatean fuzzy sets. /e concept of fuzzy topological 

spaces was introduced by Chang [11]. He studied the 

topological concepts like continuity and compactness 

via fuzzy topological spaces. Then, Lowen [12] 

presented a new type of fuzzy topological spaces. 

Çoker [13] subsequently initiated a study of 

intuitionistic fuzzy topological spaces. Recently, 

Olgun et al. [14] presented the concept of Pythagorean 

fuzzy topological spaces and Ibrahim [15] defined the 

concept of Fermatean fuzzy topological spaces. In this 

paper, we introduce the concept of (3,2)-fuzzy multi-

groups from (3,2)-fuzzy bags as on extension of 

intuitionistic fuzzy multi-group, Pythagorean fuzzy 

multi-group addressing limitation in uncertainty 

presentation.  We develop the theoretical framework 

for the algebraic structures deriving fundamental 

properties including closure under group operations 

and characterizing union and intersection ideas. Key 

results includes necessary and sufficient conditions 

for (3,2)-fuzzy uncertainty multi-group properties and 

comprehensive analysis of their algebraic structures. 

The theory which helps enhanced tools for decision 

making under certainty with multiple membership 

degrees. 

2. Preliminaries: 

In this section, we establish the fundamental criteria’s 
and definitions that from theoretical foundation for 

our investigation. We start with the fundamental 

concept of multi sets and the multi groups,  then 
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proceed to uncertainty extension, ultimately leading 

to the framework necessary for defining (3,2)-

uncertainty multi groups. 

Definition-2.1: Let ‘𝐷’ be a set. A bag ‘𝑆’ drawn from 
‘𝐷’ is represented by a function count 

‘𝑆’ or ‘𝐽𝑆’ defined as 𝐽𝑆: 𝐷 → {0, 1, 2, 3, … }. For each 𝑑 ∈ 𝐷, 𝐽𝑆(𝑑) is the characteristic value of  ‘𝑑’ in ‘𝑆’. 
Hence 𝐽𝑆(𝑑) denotes the number of possibilities of ‘𝑑’ 
in ‘𝑆’. 

Definition-2.2: Let ‘𝐷’ be a group. A bag ‘𝑆’ over ‘𝐷’ 
is a multi-group over ‘𝐷’ if the count of ‘𝑆’satisfies 
the following two axioms, 

(i) 𝐽𝑆(𝑑, 𝑓) ≥ 𝑚𝑖𝑛{𝐽𝑆(𝑑), 𝐽𝑆(𝑓)}, for all 𝑑, 𝑓 ∈ 𝐷. 

(ii) 𝐽𝑆(𝑑−1) ≥ 𝐽𝑆(𝑑), for all 𝑑 ∈ 𝐷. 

Definition-2.3: If ‘𝐷’ is a collection of objects, then a 
fuzzy set ‘𝐴’ in ‘𝐷’ is a set of ordered pairs; 𝐷 ={(𝑑, 𝜇(𝑑))/𝑑 ∈ 𝐷, 𝜇: 𝐷 → [0,1]} where 𝜇 is called 

the membership function and is defined from ‘𝐷’ into [0,1]. 
Definition-2.4: Assume ‘𝐷’ is a set of elements, then 
a fuzzy bag or simply called fuzzy multi set ‘𝑆’ drawn 
from ‘𝐷’ can be characterized by a count membership 
function 𝐽𝑀𝑆 such that 𝐽𝑀𝑆: 𝐷 → 𝑅, where ‘𝑅’ is the 
set of all crisp bags from the unit interval [0,1]. A 

fuzzy bag can also be characterized by high –order 

function. In particular, a fuzzy bag ‘𝑆’ can be 
characterized by a function  𝐽𝑀𝑆: 𝐷 → [0,1] →Natural numbers. 
It follows that 𝐽𝑀𝑆(𝑑) for 𝑑 ∈ 𝐷 is given by  𝐽𝑀𝑆(𝑑) = {𝜇𝑆1(𝑑), 𝜇𝑆2(𝑑), … , 𝜇𝑆𝑛(𝑑), … } 

where 𝜇𝑆1(𝑑), 𝜇𝑆2(𝑑), … , 𝜇𝑆𝑛(𝑑), … ∈  [0,1] such that 𝜇𝑆1(𝑑) ≥ 𝜇𝑆2(𝑑) ≥ ⋯ ≥ 𝜇𝑆𝑛(𝑑) ≥ ⋯. 

Where as in a finite case, we write   𝐽𝑀𝑆(𝑑) = {𝜇𝑆1(𝑑), 𝜇𝑆2(𝑑), … , 𝜇𝑆𝑛(𝑑)} for 𝜇𝑆1(𝑑) ≥𝜇𝑆2(𝑑) ≥ ⋯ ≥ 𝜇𝑆𝑛(𝑑). 

A fuzzy bag ‘𝑆’ can be represented by in the form 𝑆 ={((𝑑, 𝐽𝑀𝑆(𝑑))/𝑑 ∈ 𝐷)}. 
Definition-2.5: Let (𝐷, . ) be a group. A fuzzy bag ‘𝑆’ 
over ‘𝐷’ is called multi-group over ‘𝐷’ if the count 

membership function 𝐽𝑀𝑆 satisfies the following 

conditions 

(i) 𝐽𝑀𝑆(𝑑. 𝑓) ≥ 𝑚𝑖𝑛{𝐽𝑀𝑆(𝑑), 𝐽𝑀𝑆(𝑓)}, for all 𝑑, 𝑓 ∈ 𝐷. 
(ii) 𝐽𝑀𝑆(𝑑−1) = 𝐽𝑀𝑆(𝑑), for all 𝑑 ∈ 𝐷. 

3. Basic Concepts of (3, 2)-fuzzy bags 

This part establish the fundamental frame work of (3, 

2)-fuzzy bags, which helps the theoretical foundation 

for our subsequent development (3, 2)-fuzzy multi 

groups. 

We begin with basis definition of (3, 2)-uncertainty 

collections and systematically extend the concept to 

the bag setting, followed by an analysis of their 

essential algebraic properties.  

Definition-3.1: Let 𝑋 be a non-empty set. Then a (3, 

2)-fuzzy bag ‘𝐴’ drawn from ‘𝑋’ is of the form 𝐴 ={(𝑥, 𝐽𝑀𝐴(𝑥), 𝐽𝑁𝐴(𝑥))/𝑥 ∈ 𝑋} where 𝐽𝑀𝐴(𝑥) = 𝛼𝐴1(𝑥), 𝛼𝐴2(𝑥), 𝛼𝐴3(𝑥), … , 𝛼𝐴𝑛(𝑥) and 𝐽𝑁𝐴(𝑥) = 𝛽𝐴1(𝑥), 𝛽𝐴2(𝑥), 𝛽𝐴3(𝑥), … , 𝛽𝐴𝑛(𝑥) are the 

count membership and count non-membership 

degrees defined by the function 𝐽𝑀𝐴: 𝑋 → 𝑁[0,1] and 𝐽𝑁𝐴: 𝑋 → 𝑁[0,1] such that 0 ≤(𝐽𝑀𝐴(𝑥))3 + (𝐽𝑁𝐴(𝑥))2 ≤ 1, where 𝑁 = 𝑁 ∪ {0}. 

For each (3, 2)-fuzzy bag ‘𝐴’ of ‘𝑋’        

𝐽𝐻𝐴(𝑥) = √1 − [(𝐽𝑀𝐴(𝑥))3 + (𝐽𝑁𝐴(𝑥))2] 
is the count hesitation margin of 𝑥 in ‘𝐴’, where 𝐽𝐻𝐴(𝑥) = 𝜋𝐴1(𝑥), 𝜋𝐴2(𝑥), 𝜋𝐴3(𝑥), … , 𝜋𝐴𝑛(𝑥). 

The count hesitation margin 𝐽𝐻𝐴(𝑥) is the degree of 

non-determinacy of 𝑥 ∈ 𝑋 to 𝐴 and 𝐽𝐻𝐴(𝑥) ∈ [0,1]. 
The count hesitation margin is the function that 

expresses lack of knowledge of whether 𝑥 ∈ 𝐴 or 𝑥 ∉𝐴. Thus, (𝐽𝑀𝐴(𝑥))3 + (𝐽𝑁𝐴(𝑥))2 + (𝐽𝐻𝐴(𝑥))5 = 1. 
We denote the set of all (3, 2)-fuzzy bag over 𝑋 by (3, 

2)-fuzzy bag of 𝑋. 

Example-3.2: Let ‘𝐴’ be a (3, 2)-fuzzy bags of 𝐷 ={𝑑1, 𝑑2, 𝑑3} such that 
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𝐽𝑀𝐴(𝑑1) = {0.23, 0.14},            𝐽𝑁𝐴(𝑑1) = {0.78, 0.64}, 𝐽𝑀𝐴(𝑑2) = {0.62, 0.32, 0.17}, 𝐽𝑁𝐴(𝑑2) = {0.73, 0.62, 0.56}, 𝐽𝑀𝐴(𝑑3) = {0.87, 0.67},            𝐽𝑁𝐴(𝑑3) = {0.18, 0.58}. 
That is, 

𝐴 = {(𝑑1, (0.23, 0.14), (0.78, 0.64)), (𝑑2, (0.62, 0.32, 0.17), (0.73, 0.62, 0.56)),(𝑑3, (0.87, 0.67), (0.18, 0.58)) }. 
Then, the Hesitation degree of 𝑑1, 𝑑2, 𝑑3 are 𝐽𝐻𝐴(𝑑1) = 0.615, 0.767 𝐽𝐻𝐴(𝑑2) = 0.478, 0.763, 0.905 𝐽𝐻𝐴(𝑑3) = 0.556, 0.602 

Definition-3.3: The cardinality of 𝐽𝑀𝐴(𝑎) or that of 𝐽𝑁𝐴(𝑎) in a (3, 2)-fuzzy bag ‘𝐴’ is called length of the 
elements 𝑑 ∈ 𝐴, and is denoted by 𝐿(𝑎 ; 𝐴). 

(i.e) 𝐿(𝑎 ; 𝐴) = |𝐽𝑀𝐴(𝑑)| = |𝐽𝑁𝐴(𝑑)|. 
When |𝐽𝑀𝐴(𝑑)| denotes the cardinality of the 

membership sequence 𝐽𝑀𝐴(𝑑) and |𝐽𝑁𝐴(𝑑)| that of 

non-membership sequence 𝐽𝑁𝐴(𝑑). 

Definition-3.4: Two (3, 2)-fuzzy bags 𝐴1 and 𝐴2 

drawn from a non-empty set ‘𝑋’ are said to be 
equivalent, written  𝐴1~𝐴2 if and only if 𝐿(𝑑 ; 𝐴1) =𝐿(𝑑 ; 𝐴2). 

The following fundamental operations on (3, 2)-fuzzy 

bags are explored from (Ejegwa) and provide the 

algebraic frame work for subsequent development. 

1. Inclusion      : 𝐴 ⊂ 𝐺 if and only if 𝐽𝑀𝐴3(𝑠) ≤ 𝐽𝑀𝐺3(𝑠) and 𝐽𝑁𝐴2(𝑠) ≥ 𝐽𝑁𝐺2(𝑠), ∀𝑥 ∈ 𝐺. 
2. Equality       : 𝐴 = 𝐺 if and only if 𝐽𝑀𝐴3(𝑠) = 𝐽𝑀𝐺3(𝑠) and 𝐽𝑁𝐴2(𝑠) = 𝐽𝑁𝐺2(𝑠), ∀𝑥 ∈ 𝐺. 

3. Complement: 𝐴𝐶 = {(𝑠, 𝐽𝑁𝐴2(𝑠), 𝐽𝑀𝐴3(𝑠)) /𝑠 ∈ 𝐺}. 
4. Intersection : 𝐴 ∩ 𝐺 = {(𝑠, 𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑠), 𝐽𝑀𝐺3(𝑠)}, 𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑠), 𝐽𝑁𝐺2(𝑠)})}. 
5. Union          : 𝐴 ∪ 𝐺 = {(𝑠, 𝑚𝑎𝑥{𝐽𝑀𝐴3(𝑠), 𝐽𝑀𝐺3(𝑠)}, 𝑚𝑖𝑛{𝐽𝑁𝐴2(𝑠), 𝐽𝑁𝐺2(𝑠)})}. 

Definition-3.5: Let 𝐴 ∈(3, 2)-fuzzy bag of 𝑆. Then 𝐴−1 is defined as 𝐽𝑀𝐴−13 (𝑠) = 𝐽𝑀𝐴3(𝑠−1 ) and 𝐽𝑁𝐴−12 (𝑠) = 𝐽𝑁𝐴2(𝑠−1). 
Definition-3.6: Let 𝐴, 𝐺 ∈(3, 2)-fuzzy bag of 𝑆. Then define 𝐴 ∘ 𝐺 as 𝐽𝑀𝐴∘𝐺(𝑠) = 𝑚𝑎𝑥 {{𝑚𝑖𝑛{𝐽𝑀𝐴(𝑢), 𝐽𝑀𝐺(𝑡)/𝑢, 𝑡 ∈ 𝑆 𝑎𝑛𝑑 𝑢𝑡 = 𝑠}}}, 

𝐽𝑁𝐴∘𝐺(𝑠) = 𝑚𝑖𝑛 {{𝑚𝑎𝑥{𝐽𝑁𝐴(𝑢), 𝐽𝑁𝐺(𝑡)/𝑢, 𝑡 ∈ 𝑆 𝑎𝑛𝑑 𝑢𝑡 = 𝑠}}} .
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Proposition-3.7: Let 𝐴, 𝐺, 𝐴𝑖 ∈(3, 2)-fuzzy bags. 

Then the following properties hold; 

(i) (𝐴−1)−1 = 𝐴 

(ii) 𝐴 ⊆ 𝐺 implies 𝐴−1 ⊆ 𝐺−1 

(iii) (⋃ 𝐴𝑖𝑛𝑖=1 )−1= ⋃ 𝐴𝑖−1𝑛𝑖=1  

(iv) (⋂ 𝐴𝑖𝑛𝑖=1 )−1= ⋂ 𝐴𝑖−1𝑛𝑖=1  

(v) (𝐴 ∘ 𝐺)−1 = 𝐺−1 ∘ 𝐴−1 

 

4. (3, 2)-fuzzy multi groups and its 

characterizations 

In this section, we introduce the central view of (3, 2)-

fuzzy multi groups and establish their fundamental 

algebraic properties. Throughout this section, we 

assume that (𝐷, . ) is a group with identity element ‘𝑒’ 
and binary operation‘.’. 
Definition-4.1: Let (𝐷, . ) be a group and 𝐴 ={(𝑑, 𝐽𝐴(𝑑), 𝐾𝐴(𝑑))/𝑑 ∈ 𝐷} be a (3, 2)- uncertainty 

collection over ‘𝐷’. Then ‘𝐴’ is called a (3, 2)-fuzzy 

subgroup of ‘𝐷’ if the following conditions are 
satisfied, 

(i) 𝐽𝐴3(𝑥𝑦) ≥ 𝑚𝑖𝑛{𝐽𝐴3(𝑥),  𝐽𝐴3(𝑦)} and 𝐾𝐴2(𝑥𝑦) ≤ 𝑚𝑎𝑥{𝐾𝐴2(𝑥),  𝐾𝐴2(𝑦)} 

(ii) 𝐽𝐴3(𝑥−1) ≥ 𝐽𝐴3(𝑥) and 𝐾𝐴2(𝑥−1) ≤ 𝐾𝐴2(𝑥), for all 𝑥, 𝑦 ∈ 𝐷. 

Definition-4.2: Let (𝐷, . ) be a group. A (3, 2)-fuzzy 

bag ‘𝐴’ over ‘𝐷’ is called (3, 2)-fuzzy multi group 

over ‘𝐷’ if the count membership and count non-

membership function satisfies the following axioms; 

(i) 𝐽𝑀𝐴3(𝑥𝑦) ≥ 𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑥), 𝐽𝑀𝐴3(𝑦)} and 𝐽𝑁𝐴2(𝑥𝑦) ≤ 𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑥), 𝐽𝑁𝐴2(𝑦)}, 

(ii) 𝐽𝑀𝐴3(𝑥−1) ≥ 𝐽𝑀𝐴3(𝑥) and 𝐽𝑁𝐴2(𝑥−1) ≤ 𝐽𝑁𝐴2(𝑥), for all 𝑥, 𝑦 ∈ 𝐷.

Here 𝐽𝑀𝐴(𝑥) is called count membership function and 𝐽𝑁𝐴(𝑥) is called count non-membership function. 

Proposition-4.3: Let 𝐴 ∈(3, 2)-fuzzy bag of (𝐷) and 𝐽𝑀𝐴3(𝑥−1) ≥ 𝐽𝑀𝐴3(𝑥) and 

 𝐽𝑁𝐴2(𝑥−1) ≤ 𝐽𝑁𝐴2(𝑥). Then, 𝐽𝑀𝐴3(𝑥−1) = 𝐽𝑀𝐴3(𝑥) 

and 𝐽𝑁𝐴2(𝑥−1) = 𝐽𝑁𝐴2(𝑥). 

Proof: From the given condition, we have 𝐽𝑀𝐴3(𝑥−1) ≥ 𝐽𝑀𝐴3(𝑥). 

Additionally, since 𝐽𝑀𝐴3(𝑥) =  𝐽𝑀𝐴3((𝑥−1)−1) ≥𝐽𝑀𝐴3(𝑥−1). 

By applying the condition to 𝑥−1, we get 𝐽𝑀𝐴3(𝑥−1) =𝐽𝑀𝐴3(𝑥). 

Similarly, from 𝐽𝑁𝐴2(𝑥−1) ≤ 𝐽𝑁𝐴2(𝑥) and 𝐽𝑁𝐴2(𝑥) = 𝐽𝑁𝐴2((𝑥−1)−1) ≤ 𝐽𝑁𝐴2(𝑥−1). 

We conclude that 𝐽𝑁𝐴2(𝑥−1) = 𝐽𝑁𝐴2(𝑥). 

Example-4.4: Consider the group 𝐺 = 𝑍3 = {0, 1, 2} 

under addition modulo 3. We define a  

(3, 2)-fuzzy bag ‘𝐴’ of 𝐺 with the following counter 

membership and count non-membership functions. 

𝐽𝑀𝐴3(0) = {0.7, 0.6, 0.2}, 𝐽𝑁𝐴2(0) = {0.1, 0.4, 0.8} 𝐽𝑀𝐴3(1) = {0.7, 0.5, 0.3}, 𝐽𝑁𝐴2(1) = {0.1, 0.5, 0.7} 𝐽𝑀𝐴3(2) = {0.7, 0.5, 0.3}, 𝐽𝑁𝐴2(2) = {0.1, 0.5, 0.7} 

We check that ‘𝐴’ form a (3, 2)-fuzzy multi group by 

verifying the required conditions; 

For all 𝑙, 𝑚 ∈ 𝐺, 
𝐽𝑀𝐴3(𝑙 + 𝑚) ≥ 𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑙), 𝐽𝑀𝐴3(𝑚)}, 𝐽𝑁𝐴2(𝑙 + 𝑚) ≤ 𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑙), 𝐽𝑁𝐴2(𝑚)}. 
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Case-1: 0 + 0 = 0 𝐽𝑀𝐴3(0) = 0.7, 0.6, 0.2 , 𝐽𝑀𝐴3(0) = 0.7, 0.6, 0.2 

Verified that 𝐽𝑀𝐴3(0) ≥ 0.7, 0.6, 0.2. 

Similarly, 𝐽𝑁𝐴2(0) = 0.1, 0.4, 0.8 , 𝐽𝑁𝐴2(0) = 0.1, 0.4, 0.8 

Verified that 𝐽𝑁𝐴3(0) ≤ 0.1, 0.4, 0.8. 

Case-2: 0 + 1 = 1 𝐽𝑀𝐴3(1) = 0.7, 0.5, 0.3 , 𝑚𝑖𝑛{𝐽𝑀𝐴3(0), 𝐽𝑀𝐴3(1)} = 0.7, 0.5, 0.3 

Verified that 𝐽𝑀𝐴3(1) ≥ 0.7, 0.5, 0.3. 

Similarly, 𝐽𝑁𝐴2(1) = 0.1, 0.5, 0.7 , 𝑚𝑎𝑥{𝐽𝑁𝐴2(0), 𝐽𝑁𝐴2(1)} = 0.1, 0.4, 0.7 

Verified that 𝐽𝑁𝐴3(1) ≤ 0.1, 0.4, 0.7. 

Case-3: 1 + 2 = 0 𝐽𝑀𝐴3(0) = 0.7, 0.6, 0.2 , 𝑚𝑖𝑛{𝐽𝑀𝐴3(1), 𝐽𝑀𝐴3(2)} = 0.7, 0.5, 0.3 

Verified that 𝐽𝑀𝐴3(0) ≥ 0.7, 0.5, 0.3. 

Similarly, 𝐽𝑁𝐴2(0) = 0.1, 0.4, 0.8 , 𝑚𝑎𝑥{𝐽𝑁𝐴2(1), 𝐽𝑁𝐴2(2)} = 0.1, 0.5, 0.7 

Verified that 𝐽𝑁𝐴3(0) ≤ 0.1, 0.5, 0.7. 

For all 𝑙 ∈ 𝐺, verify 𝐽𝑀𝐴3(−𝑙) ≥ 𝐽𝑀𝐴3(𝑙) and 𝐽𝑁𝐴2(−𝑙) ≤ 𝐽𝑁𝐴2(𝑙). 

Case-1: −0 = 0 𝐽𝑀𝐴3(0) = 0.7, 0.6, 0.2,      𝐽𝑁𝐴2(0) = 0.1, 0.4, 0.8 

Trivially satisfied. 

Case-2: −1 = 2 𝐽𝑀𝐴3(2) = 0.7, 0.5, 0.3,   𝐽𝑀𝐴3(1) = 0.7, 0.5, 0.3 

Verified that 𝐽𝑀𝐴3(2) ≥ 𝐽𝑀𝐴3(1) 

Similarly, 𝐽𝑁𝐴2(2) = 0.1, 0.5, 0.7,  𝐽𝑁𝐴2(1) = 0.1, 0.5, 0.7 

Verified that 𝐽𝑁𝐴2(2) ≤ 𝐽𝑁𝐴2(1). 

Case-3: −2 = 1 𝐽𝑀𝐴3(1) = 0.7, 0.5, 0.3,   𝐽𝑀𝐴3(2) = 0.7, 0.5, 0.3 
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Verified that 𝐽𝑀𝐴3(1) ≥ 𝐽𝑀𝐴3(2) 

Similarly, 𝐽𝑁𝐴2(1) = 0.1, 0.5, 0.7,  𝐽𝑁𝐴2(2) = 0.1, 0.5, 0.7 

Verified that 𝐽𝑁𝐴2(1) ≤ 𝐽𝑁𝐴2(2). 

Proposition-4.5: Let 𝐴 ∈(3, 2)-fuzzy multi group of 𝐷. Then the following properties hold; 

(1) 𝐽𝑀𝐴3(𝑒) ≥ 𝐽𝑀𝐴3(𝑑), ∀𝑑 ∈ 𝐷. 

(2) 𝐽𝑁𝐴2(𝑒) ≤ 𝐽𝑁𝐴2(𝑑), ∀𝑑 ∈ 𝐷. 

(3) 𝐽𝑀𝐴3(𝑑𝑛) ≥ 𝐽𝑀𝐴3(𝑑), ∀𝑑 ∈ 𝐷. 

(4) 𝐽𝑁𝐴2(𝑑𝑛) ≤ 𝐽𝑁𝐴2(𝑑), ∀𝑑 ∈ 𝐷. 

(5) 𝐴 = 𝐴−1. 

Proof: Let 𝑑 ∈ 𝐷. We establish each property; 

1. Since 𝑒 = 𝑑. 𝑑−1, we have 𝐽𝑀𝐴3(𝑒) = 𝐽𝑀𝐴3(𝑑. 𝑑−1) ≥ 𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑), 𝐽𝑀𝐴3(𝑑−1)} ≥ 𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑), 𝐽𝑀𝐴3(𝑑)} ≥  𝐽𝑀𝐴3(𝑑). 

2. Similarly, 𝐽𝑁𝐴2(𝑒) = 𝐽𝑁𝐴2(𝑑. 𝑑−1) ≤ 𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑑), 𝐽𝑁𝐴2(𝑑−1)} ≤ 𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑑), 𝐽𝑁𝐴2(𝑑)} ≤ 𝐽𝑁𝐴2(𝑑). 

3. By induction produce on ‘𝑛’, 𝐽𝑀𝐴3(𝑑𝑛) ≥ 𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑𝑛−1), 𝐽𝑀𝐴3(𝑑)} ≥  𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑), 𝐽𝑀𝐴3(𝑑), … , 𝐽𝑀𝐴3(𝑑)} (By Recursion) ≥  𝐽𝑀𝐴3(𝑑). 

4. The proof for the non-membership function follows similarly. 

5. From definition-4.2 and proposition-4.3, we have 𝐽𝑀𝐴−13 (𝑑) = 𝐽𝑀𝐴3(𝑑−1) =  𝐽𝑀𝐴3(𝑑) 𝐽𝑁𝐴−12 (𝑑) = 𝐽𝑁𝐴2(𝑑−1) =  𝐽𝑁𝐴2(𝑑) 
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Therefore, 𝐴 = 𝐴−1. 

Theorem-4.6:  Let 𝐴 ∈(3, 2)-fuzzy bag of ‘𝐷’. Then  𝐴 ∈(3, 2)-fuzzy multi group of 𝐷 if and only if, for all  𝑑, 𝑢 ∈ 𝐷 𝐽𝑀𝐴3(𝑑. 𝑢−1) ≥ 𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑), 𝐽𝑀𝐴3(𝑢)} and 𝐽𝑁𝐴2(𝑑. 𝑢−1) ≤ 𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑑), 𝐽𝑁𝐴2(𝑢)}. 

Proof: ⇒ The condition is necessary. 

Suppose 𝐴 ∈(3, 2)-fuzzy multi group of 𝐷. Then, for any 𝑑, 𝑢 ∈ 𝐷. 𝐽𝑀𝐴3(𝑑. 𝑢−1) ≥ 𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑), 𝐽𝑀𝐴3(𝑢−1)} ≥ 𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑), 𝐽𝑀𝐴3(𝑢)} 

where the last inequality follows from the inverse condition. ⇐The condition is sufficient. 

Conversely, assume the given condition holds, we need to verify (3, 2)-fuzzy multi group conditions 

For the inverse property, setting 𝑢 = 𝑒 which gives, 𝐽𝑀𝐴3(𝑑−1) = 𝐽𝑀𝐴3(𝑑. 𝑒−1) ≥ 𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑), 𝐽𝑀𝐴3(𝑒)} = 𝐽𝑀𝐴3(𝑑). 
For the closure property, we have, 𝐽𝑀𝐴3(𝑑. 𝑢) = 𝐽𝑀𝐴3(𝑑. (𝑢−1)−1) ≥ 𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑), 𝐽𝑀𝐴3(𝑢)}. 

The non-membership function follow by similarly. 

Proposition-4.7:  Let 𝐴 ∈ (3, 2)-fuzzy bag of ‘𝐷’. Then 𝐴 ∈ (3, 2)-fuzzy multi group of 𝐷 if 𝐴 ∘ 𝐴−1 ⊆ 𝐴. 

Proof: Assume that 𝐴 ∘ 𝐴−1 ⊆ 𝐴.From theorem-4.6 it sufficient to show that 𝐽𝑀𝐴3(𝑑. 𝑢−1) ≥ 𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑), 𝐽𝑀𝐴3(𝑢)} and 𝐽𝑁𝐴2(𝑑. 𝑢−1) ≤ 𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑑), 𝐽𝑁𝐴2(𝑢)}, for all  𝑑, 𝑢 ∈ 𝐷. 

From the definition of composition and the inclusion assumption 𝐽𝑀𝐴3(𝑑. 𝑢−1) ≥  𝐽𝑀𝐴∘𝐴−13 (𝑑. 𝑢−1) = max𝑡∈𝑆 𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑡), 𝐽𝑀𝐴−13 (𝑡−1. 𝑑. 𝑢−1)} ≥  𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑), 𝐽𝑀𝐴3(𝑢−1)}; 𝑡 = 𝑑. =  𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑), 𝐽𝑀𝐴3(𝑢)} and 𝐽𝑁𝐴2(𝑑. 𝑢−1) ≤  𝐽𝑁𝐴∘𝐴−12 (𝑑. 𝑢−1) = min𝑡∈𝑆 𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑡), 𝐽𝑁𝐴−12 (𝑡−1. 𝑑. 𝑢−1)} ≤  𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑑), 𝐽𝑁𝐴2(𝑢−1)}; 𝑡 = 𝑑. 



R. Nagarajan, Int. J. Sci. R. Tech., 2026 3(8), 941-949 |Research 

                 

              INTERNATIONAL JOURNAL OF SCIENTIFIC RESEARCH AND TECHNOLOGY                                                              948 | P a g e  

=  𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑑), 𝐽𝑁𝐴2(𝑢)} . 

Theorem-4.8:  Let 𝐴, 𝐺 ∈ (3, 2)-fuzzy multi group of ‘𝐷’. Then 𝐴 ∩ 𝐺 ∈ (3, 2)-fuzzy multi group of ‘𝐷’. 

Proof: Let 𝑑, 𝑢 ∈ 𝐴 ∩ 𝐺 ∈ (3, 2)-fuzzy bag of 𝐷. ⇒ 𝑑, 𝑢 ∈ 𝐴 and 𝑑, 𝑢 ∈ 𝐺. ⇒ 𝐽𝑀𝐴3(𝑑. 𝑢−1) ≥ 𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑), 𝐽𝑀𝐴3(𝑢−1)}, 𝐽𝑀𝐺3(𝑑. 𝑢−1) ≥ 𝑚𝑖𝑛{𝐽𝑀𝐺3(𝑑), 𝐽𝑀𝐺3(𝑢−1)} and 𝐽𝑁𝐴2(𝑑. 𝑢−1) ≤ 𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑑), 𝐽𝑁𝐴2(𝑢−1)}, 𝐽𝑁𝐺2(𝑑. 𝑢−1) ≤ 𝑚𝑎𝑥{𝐽𝑁𝐺2(𝑑), 𝐽𝑁𝐺2(𝑢−1)}. 

Now,  𝐽𝑀𝐴∩𝐺3 (𝑑. 𝑢−1) =  𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑. 𝑢−1), 𝐽𝑀𝐺3(𝑑. 𝑢−1)} ≥ 𝑚𝑖𝑛 {𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑), 𝐽𝑀𝐴3(𝑢−1)}, 𝑚𝑖𝑛{𝐽𝑀𝐺3(𝑑), 𝐽𝑀𝐺3(𝑢−1)}} 

≥ 𝑚𝑖𝑛 {𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑑), 𝐽𝑀𝐺3(𝑑)}, 𝑚𝑖𝑛{𝐽𝑀𝐴3(𝑢−1), 𝐽𝑀𝐺3(𝑢−1)}} =  𝑚𝑖𝑛{ 𝐽𝑀𝐴∩𝐺3 (𝑑), 𝐽𝑀𝐴∩𝐺3 (𝑢)} 

Then, 𝐽𝑀𝐴∩𝐺3 (𝑑. 𝑢−1) ≥ 𝑚𝑖𝑛{ 𝐽𝑀𝐴∩𝐺3 (𝑑), 𝐽𝑀𝐴∩𝐺3 (𝑢)}. 

And, 𝐽𝑁𝐴∩𝐺2 (𝑑. 𝑢−1) = 𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑑. 𝑢−1), 𝐽𝑁𝐺2(𝑑. 𝑢−1)} ≤ 𝑚𝑎𝑥 {𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑑), 𝐽𝑁𝐴2(𝑢−1)}, 𝑚𝑎𝑥{𝐽𝑁𝐺2(𝑑), 𝐽𝑁𝐺2(𝑢−1)}} 

≤ 𝑚𝑎𝑥 {𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑑), 𝐽𝑁𝐺2(𝑑)}, 𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑢−1), 𝐽𝑁𝐺2(𝑢−1)}} ≤ 𝑚𝑎𝑥{ 𝐽𝑁𝐴∩𝐺2 (𝑑), 𝐽𝑁𝐴∩𝐺2 (𝑢)} 

which implies that, 𝐽𝑁𝐴∩𝐺2 (𝑑. 𝑢−1) ≤ 𝑚𝑎𝑥{ 𝐽𝑁𝐴∩𝐺2 (𝑑), 𝐽𝑁𝐴∩𝐺2 (𝑢)}. 

Then, 𝐴 ∩ 𝐺 ∈ (3, 2)-fuzzy multi group of 𝐷. 

Proposition-4.9:  Let 𝐴, 𝐺 ∈ (3, 2)-fuzzy multi group of ‘𝐷’. Then, 

(i) 𝐽𝑀𝐴∪𝐺3 (𝑑−1) ≥ 𝐽𝑀𝐴∪𝐺3 (𝑑), for all 𝑑 ∈ 𝐷, 

(ii) 𝐽𝑁𝐴∪𝐺2 (𝑑−1) ≤ 𝐽𝑁𝐴∪𝐺2 (𝑑), for all 𝑑 ∈ 𝐷. 

Proof: For any 𝑑 ∈ 𝐷, 𝐽𝑀𝐴∪𝐺3 (𝑑−1) = 𝑚𝑎𝑥{𝐽𝑀𝐴3(𝑑−1), 𝐽𝑀𝐺3(𝑑−1)} ≥ 𝑚𝑎𝑥{𝐽𝑀𝐴3(𝑑), 𝐽𝑀𝐺3(𝑑)} =  𝐽𝑀𝐴∪𝐺3 (𝑑). 

And, 𝐽𝑁𝐴∪𝐺2 (𝑑−1) = 𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑑−1), 𝐽𝑁𝐺2(𝑑−1)} ≤ 𝑚𝑎𝑥{𝐽𝑁𝐴2(𝑑), 𝐽𝑁𝐺2(𝑑)} =  𝐽𝑁𝐴∪𝐺2 (𝑑). 
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From this, it is clear that if 𝐴, 𝐺 ∈ (3, 2)-fuzzy multi group of ‘𝐷’, then 𝐴 ∪ 𝐺 ∈ (3, 2)-fuzzy multi group of 

‘𝐷’ if and only if 𝐽𝑀𝐴∪𝐺3 (𝑑. 𝑢−1) ≥ 𝑚𝑖𝑛{𝐽𝑀𝐴∪𝐺3 (𝑑), 𝐽𝑀𝐴∪𝐺3 (𝑢)} and 𝐽𝑁𝐴∪𝐺2 (𝑑. 𝑢−1) ≤ 𝑚𝑎𝑥{𝐽𝑁𝐴∪𝐺2 (𝑑), 𝐽𝑁𝐴∪𝐺2 (𝑢)}.

CONCLUSION 

(3, 2)-fuzzy multi groups is introduced from (3, 2)-

fuzzy bags and studied some characterizations of this. 

The length of the (3, 2)-fuzzy bags defined with 

suitable example. The necessary and sufficient 

conditions of (3, 2)-fuzzy multi groups is proved with 

on existence. Many key results and comprehensive 

analysis is explained. 

FUTURE WORK:  

One can obtain the similar result in the domain of 

Hesitant uncertainty collection and Bipolar 

uncertainty set. 
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