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INTRODUCTION

Optimization  plays  an  important  role  in  machine 

learning because it affects how quickly a model trains 

and whether the training process converges reliably. 

Optimizers are often compared using measures such 

as final loss, accuracy, or training time. These mea-

sures are useful, but they do not always show how 

consistently  an  optimizer  behaves  when  the  opti-

mization problem becomes difficult.

Problem conditioning is one factor that can affect this 

behavior. In a poorly conditioned problem, the ob-

jective  changes  at  very  different  rates  in  different 

directions.  This  can  make  gradient-based  methods 

more sensitive to the learning rate and may lead to 

slow convergence, oscillation, or divergence. First-

order methods such as Stochastic Gradient Descent 

(SGD), Momentum SGD, and Adam are widely used 

because their updates are relatively inexpensive. L-

BFGS,  a  quasi-Newton  method,  uses  approximate 

curvature information and can behave differently on 

poorly  conditioned  problems,  although  its  updates 

generally require more computation.

With real-world datasets, factors such as sample size, 

feature dimensionality, feature correlations, and con-

ditioning can be related to each other. This makes it 

difficult to determine which factor is mainly respon-

sible for optimizer instability. To avoid this problem, 

the present study uses controlled synthetic linear re-
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gression problems in which sample size, feature di-

mensionality, condition number, and learning rate can 

be varied independently.

The main aim of this study is to examine whether 

increasing dataset size or increasing problem condi-

tioning  has  a  stronger  relationship  with  optimizer 

instability. The study also compares SGD, Momen-

tum SGD, Adam, and L-BFGS in terms of conver-

gence  reliability  and  computational  cost  under  the 

same experimental conditions.

II. RELATED WORK 

Problem conditioning has long been studied in nu-

merical optimization because it  can affect the con-

vergence  of  gradient-based  methods.  When  an 

objective is poorly conditioned, different directions 

can have very different rates of change, which can 

make optimization slower and more sensitive to the 

choice of update size. Quasi-Newton methods address 

this issue by using information about the curvature of 

the objective. L-BFGS is a limited-memory version of 

BFGS designed for large-scale problems where stor-

ing the full Hessian is expensive [1], [3].

First-order  methods  are  widely  used  in  machine 

learning because their updates are relatively inexpen-

sive.  SGD uses  gradient  information  directly,  Mo-

mentum SGD uses previous updates to influence the 

current  update,  and Adam adapts  the update using 

estimates of the first and second moments of the gra-

dients [2].

Previous  studies  have  compared  these  methods  in 

different  application  settings.  Richardson  [4]  com-

pared  optimization  methods  for  seismic  full-wave-

form inversion and reported faster convergence with 

Adam than L-BFGS-B in the experiments considered. 

Xu and Darve [5] examined optimization problems 

involving  PDE  solvers  and  deep  neural  networks, 

including the effects of poor conditioning. Jena et al. 

[6] studied optimization on quadratic objectives with 

different  condition  numbers  and  reported  a  strong 

decline in SGD performance as conditioning became 

more severe, while Adam was less affected in their 

setting. Other studies have also shown that adaptive 

optimization methods do not consistently outperform 

standard gradient-based methods and that optimizer 

performance depends on the structure of the problem 

[7], [8].

Although these studies provide useful comparisons, 

many focus on particular applications or use experi-

mental  settings where factors  such as  sample size, 

feature  dimensionality,  and  conditioning cannot  be 

separated easily.  The present  study uses controlled 

synthetic  linear  regression  problems  to  vary  these 

factors  independently.  This  allows  the  stability  of 

SGD, Momentum SGD, Adam, and L-BFGS to be 

compared under the same conditions and provides a 

direct comparison of the effects of sample size and 

problem conditioning.

METHODOLOGY

A. Synthetic Data Generation 

Synthetic linear regression problems were used so that 

sample  size,  feature  dimensionality,  and  condition 

number  could  be  controlled  independently.  This 

avoids some of the relationships between these factors 

that occur naturally in real-world datasets.

For each target condition number, a random Gaussian 

base matrix was generated. Its covariance structure 

was modified using eigenvalues distributed logarith-

mically between 1 and the target condition number. A 

random orthogonal rotation matrix obtained through 

QR decomposition was then applied. This procedure 

produced a design matrix with controlled condition-

ing while avoiding dependence on a particular coor-

dinate system.

A coefficient vector (w) was generated with values 

uniformly distributed between −5 and 5. The target 

values were calculated as

[ y=Xw+\epsilon ]

where (X) is the design matrix, (w) is the coefficient 

vector, and (\epsilon) represents Gaussian noise.

The  generated  data  were  checked  to  determine 

whether the measured condition numbers were close 

to the requested values. A target condition number of 

10 produced a measured value of approximately 9, 

while a target of 10,000 produced a measured value of 

approximately  8,900.  These measurements  indicate 

that the data-generation procedure produced problems 

with conditioning close to the intended values.

B. Optimizers Evaluated

Four  optimization  methods  were  compared:  SGD, 

Momentum SGD, Adam, and L-BFGS. Momentum 

SGD  used  a  momentum  coefficient  of  0.9,  while 
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Adam used its standard default beta parameters. L-

BFGS was used as the quasi-Newton method because 

it approximates curvature information without storing 

the complete Hessian. All four methods were imple-

mented using the built-in optimization functions pro-

vided by PyTorch.

C. Experimental Design 

A full factorial design was used to vary sample size, 

feature dimensionality, condition number, optimizer, 

and learning rate.

 Sample sizes: 1,000, 10,000, 100,000

 Feature dimensionalities: 10, 100, 1,000

 Condition numbers: 10, 100, 10,000

 Learning rates: 0.001, 0.01, 0.1

Each configuration was trained for 50 optimization 

steps using the same random initialization and fixed 

seed. This resulted in

[ 3\times3\times3\times4\times3=324 ]

experimental  runs.  The  50-step  limit  provided  the 

same number of optimization steps for all methods, 

although the computational cost of each step differed 

between optimizers.

D. Stability Metrics 

Several measures were used to evaluate the behavior 

of the optimizers.

1)  Failure-to-Converge: A  run  was  classified  as 

divergent if the loss became NaN or infinite, or if 

the final loss exceeded 1 × 10⁶. The same thresh-

old was applied to all optimizers.

2) Loss Oscillation: Loss oscillation was measured 

using the standard deviation of the changes in loss 

between consecutive optimization steps. This was 

used  to  examine  how strongly  the  loss  varied 

during training.

3) Gradient-Norm Dynamics: The mean L2 norm 

of the gradient across the training steps was used 

to examine changes in gradient magnitude during 

optimization.

4) Computational Cost: Wall-clock time per  run 

was recorded to compare the computational re-

quirements of the four optimization methods.

Failure-to-converge was treated as the main stability 

measure because  a  high oscillation value does  not 

necessarily mean that an optimizer has failed. Some 

methods may make large corrective updates during 

training and still converge successfully.

RESULTS AND DISCUSSION

A. Effect of Conditioning on Optimizer Stability 

The experimental  results  show a  clear  relationship 

between problem conditioning and optimizer stabil-

ity. Figure 1 compares the divergence rates of the four 

optimizers  at  condition  numbers  of  10,  100,  and 

10,000, with the results averaged across sample sizes, 

feature dimensionalities, and learning rates.

At lower condition numbers, the first-order methods 

show relatively better stability. However, as the con-

dition number increases, the difference between the 

optimizers becomes much more noticeable. At a con-

dition number of 10,000, both SGD and Momentum 

SGD have a divergence rate of 100%. Adam performs 

better, but its divergence rate increases to 29.6%. L-

BFGS remains the most stable method, with a diver-

gence rate of 11.1% at the same condition number.

These results indicate that severe ill-conditioning has 

a strong effect on the stability of the first-order meth-

ods tested in this study. L-BFGS is affected to a much 

smaller extent, although it requires considerably more 

computation.
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Figure 1: Divergence rate (strict definition) by optimizer across condition numbers 10, 100, and 10,000,  

averaged across all sample sizes, dimensionalities, and learning rates.

B. Effect of Sample Size on Stability 

Figure 2 presents the divergence rates for sample sizes 

of 1,000, 10,000, and 100,000. The results are no-

ticeably different from those observed when the con-

dition number is changed.

For SGD, the divergence rate changes from 55.6% at 

1,000  samples  to  44.4% at  100,000  samples.  Mo-

mentum SGD changes from 48.1% to 44.4%. Adam 

remains  at  11.1% for  both  sample  sizes,  while  L-

BFGS remains at 3.7%.

The relatively small changes across the tested sample 

sizes suggest that increasing the number of samples 

alone did not produce a major increase in optimizer 

instability. This is different from the strong increase 

in divergence observed when the condition number 

was raised.

Within the ranges examined in this study, the results 

therefore suggest that conditioning is a more impor-

tant factor in optimizer stability than sample size.
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Figure 2: Divergence rate by optimizer across sample sizes 1,000, 10,000, and 100,000, averaged across all  

dimensionalities, condition numbers, and learning rates.

C. Final Loss of Non-Divergent Runs 

The final loss was analyzed separately for runs that 

did not meet the divergence criterion. Figure 3 shows 

the mean final loss across different  feature dimen-

sionalities.

Momentum SGD achieves the lowest average final 

loss among the successful runs at lower dimensional-

ities.  However,  this  result  needs  to  be  considered 

together with the divergence results. As dimensional-

ity  and  conditioning  increase,  a  larger  number  of 

Momentum SGD runs fail and are therefore not in-

cluded in the final-loss calculation.

This  means  that  the  lower  final  loss  observed  for 

Momentum SGD does not necessarily indicate better 

overall performance. The calculation only considers 

runs that successfully completed the experiment. L-

BFGS, in comparison, shows a more consistent final-

loss profile across the tested dimensionalities.

The results demonstrate why final loss should not be 

considered independently of convergence reliability 

when comparing optimization methods.
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Figure 3: Mean final loss (log scale) by feature dimensionality, restricted to non-divergent runs only.

D. Loss Oscillation

Figure 4 shows the average loss oscillation among the 

non-divergent  runs.  L-BFGS shows relatively  high 

oscillation values compared with some of the first-

order methods.

However, the oscillation values should not be inter-

preted as a  direct measure of failure.  L-BFGS can 

make relatively large corrective updates during the 

early stages of optimization while its curvature ap-

proximation  is  being  adjusted.  These  changes  can 

produce higher oscillation values even when the op-

timizer eventually settles near a minimum.

The divergence results provide a more useful measure 

of  reliability  in  this  case.  L-BFGS has  the  lowest 

overall  divergence  rate  despite  showing  compara-

tively large loss oscillations. For this reason, diver-

gence  rate  was  treated  as  the  primary  stability 

measure, while oscillation was considered a support-

ing metric.

At a condition number of 10,000, no bars are shown 

for SGD and Momentum SGD in Figure 4 because all 

runs for these two methods diverged at that condition 

number.
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Figure 4: Mean loss oscillation score (log scale) by condition number, restricted to non-divergent runs. No  

bar is shown for SGD/Momentum SGD at condition number 10,000 because 100% of their runs diverged at  

that setting.

E. Reliability and Computational Cost 

Table 1 summarizes the overall reliability–cost trade-

off across all four optimizers, aggregated across the 

full experimental sweep.

Table 1: Reliability–cost trade-off summary across all 324 experiment runs.

Optimizer Overall Divergence Rate
Divergence Rate at 

κ=10,000
Avg. Time / Run (s)

L-BFGS 3.7% 11.1% 8.92

Adam 9.9% 29.6% 0.40

Momentum SGD 45.7% 100% 0.25

SGD 50.6% 100% 0.26

The results show a clear trade-off between reliability 

and  computational  cost.  L-BFGS  has  the  lowest 

overall divergence rate, but its average time per run is 

much  higher  than  that  of  the  first-order  methods. 

Adam occupies a middle position: its divergence rate 

is  considerably lower than those of SGD and Mo-

mentum SGD, while its computational cost remains 

relatively low.

SGD and Momentum SGD have the lowest average 

computational  times,  but  their  stability  decreases 

sharply under severe conditioning. Both methods fail 

in every tested run at a condition number of 10,000.

DISCUSSION

The main finding is  that,  within the tested ranges, 

problem conditioning showed a much stronger rela-

tionship with optimizer instability than sample size. 

Increasing  the  number  of  samples  from  1,000  to 

100,000 did not produce a consistent increase in di-

vergence, while increasing the condition number led 

to much higher divergence, particularly for SGD and 

Momentum SGD.

Adam  was  more  stable  than  the  two  SGD-based 

methods, although its divergence rate reached 29.6% 

at a condition number of 10,000. L-BFGS had the 
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lowest overall divergence rate at 3.7%, but its average 

runtime of 8.92 seconds per run was much higher than 

Adam at 0.40 seconds and SGD and Momentum SGD 

at approximately 0.25 seconds.

These results show a clear trade-off between conver-

gence reliability and computational  cost.  However, 

the findings are limited to the synthetic linear regres-

sion problems, parameter ranges, and 50-step training 

budget used in this study. Different results may occur 

with  longer  training,  different  learning  rates,  other 

objectives, or non-convex models.

CONCLUSION

This study compared SGD, Momentum SGD, Adam, 

and  L-BFGS using  324  controlled  synthetic  linear 

regression experiments. The experiments varied sam-

ple  size,  feature  dimensionality,  condition number, 

and learning rate to examine how these factors were 

related to optimizer stability and computational cost.

The results show that, within the ranges tested, sam-

ple size did not produce the same change in diver-

gence  as  problem  conditioning.  Increasing  the 

condition number was associated with a substantial 

increase in divergence, particularly for SGD and Mo-

mentum SGD. Both methods reached a 100% diver-

gence rate at a condition number of 10,000. Adam was 

more stable, with an overall divergence rate of 9.9%, 

although its divergence rate increased to 29.6% at the 

same condition number.

L-BFGS had the  lowest  overall  divergence  rate  at 

3.7% and a divergence rate of 11.1% under the most 

severe  conditioning  tested.  This  higher  reliability 

came with a much greater computational cost, with an 

average time per run of 8.92 seconds compared with 

0.40 seconds for Adam and approximately 0.25 sec-

onds for SGD and Momentum SGD.

These results show that optimizer selection involves a 

trade-off  between  computational  cost  and  conver-

gence reliability. Under the conditions examined in 

this study, first-order methods were considerably less 

expensive computationally, while L-BFGS provided 

greater stability as conditioning became more severe. 

Adam  occupied  an  intermediate  position,  offering 

better stability than SGD and Momentum SGD with-

out the computational cost observed for L-BFGS.

The results are limited to the synthetic linear regres-

sion problems, parameter ranges, and 50-step iteration 

budget used in the experiments. Further work using 

longer training periods, a broader range of learning 

rates,  and  non-convex  machine-learning  models 

would help determine whether the same patterns are 

observed in more complex optimization settings.
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